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Abstract 

Subduction of the coset representations and the related concepts such as unit subduced 
cycle indices and subduced cycle indices yields the foundation for a new type of generating 
function for enumerating chemical structures. This method is related to P61ya's theorem. 

1. Introduction 

P61ya's theorem [1,2] has had a profound influence on the progress of solving 
enumeration problems. There has thus emerged a vast number of papers which are 
devoted to its extension [3-5] and various applications, in particular to isomer enumer- 
ations [6]. Ruch et al. [7] have reported enumerations based on double cosets. Recently, 
H~sselbarth [8] has presented an excellent method using tables of marks. Brocas [9] has 
mentioned another method that is based on double cosets and the framework group. 
Mead [101 has compared these methods by using common problems. 

A typical question in enumeration has been how to obtain the number of isomers 
with ligands (or atoms) selected from a given set on the basis of a parent skeleton. This 
question, however, overlooks the fact that each position (vertex) of the skeleton cannot 
always take all ligands from the set. Especially in the case of chemical applications, this 
type of restriction is an important consideration, since each position has an obligatory 
minimum valency (OMV) [11 - 131. 

In previous papers [13], we have reported subduction of coset representations and 
its application to such enumeration problems. In particular, we have proposed unit 
subduced cycle indices (USCIs), which are foundations for qualitative discussions on 
molecular symmetry as well as for introducing a new type of generating functions. In 
a continuation of that work, the present paper deals with discussions on the relationship 
between USCIs and P61ya's cycle indices. 

2. Subduction of coset representations and unit subduced cycle indices 

Let G be a finite group that keeps a given skeleton invariant. The group G thus 
acts on the set (A) of positions of the skeleton to give a permutation representation Pa 

© J.C. Baltz~er AG, Scientific Publishing Company 



100 S. Fujita, Enumerations of chemical structures 

on A. If P c is intransitive, the domain A is divided into orbits. This division is 
accomplished by theorem 1, which derives from Burnside [14]. 

THEOREM 1 

Any permutation representation PG is reduced to a set of (transitive) coset repre- 
sentations (CRs) in the form of 

Pc = ~ a i a ( / G i ) ,  (1) 
i = 1  

in which the symbol (G(/G i)) denotes a coset representation (CR) of G by the subgroup 
G i. The multiplicities a i are determined by solving the following equations: 

s 

= a i m i j ,  j =  1,2 . . . . .  s, (2) 
i = 1  

where #j is the mark of G. in P_. 
. . . .  } tJ 

The mult~phclues a i are obtained by solving the s equations expressed by eq. (2). 
When the symbol (~i )  denotes the inverse of a mark table (mij), eq. (2) is transformed 
into 

i O:i = #j mj i ,  j = 1,2 . . . . .  s. (3) 
k = l  

Table 1 lists coset representations for the Car group. Table 2 shows the table of marks 
for the Car group, which can be easily constructed from the concrete forms of the coset 
representations of C2¢ 

Equation (1) corresponds to the division of the domain A into orbits, i.e. 

Aia for i = 1, 2 . . . . .  s and a = 1, 2 . . . . .  a i, (4) 

on which G(/Gi) acts (fig. 1). The number of orbits is 

$ 

ai .  (5) 
i = 1  

The length of Aia is equal to the degree of the corresponding G(/G i), i.e. 

[Aia[ = IGI/IGil. (6) 

Each of the CRs represented by eq. (1) is transitive. However, if it is subduced to a 
subgroup, the resulting subduced representation (SR) for the subgroup is generally 
intransitive. Let G(/G.).I,G. denote the subduced representation of G(/Gi) by the s u b -  

, l J 

group Gj. The SR is reduced to a set of CRs in terms of: 
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Table 1 

Coset representations of C2v and D 2 by the subgroups 

D2([C 1) D2(/C 2) D2(1C2,) D2(1C2.) D2(/D 2) 
o2 c2~ c2~(IC0 c2~(/cD c2~(/c) c2~(IC.) c2~(/c2~) 

I I (1) (2) (3) (4) (1) (2) (1) (2) (1) (2) (1) 
C2(3) C 2 (1 2) (3 4) (1) (2) (1 2) (1 2) (1) 
C20 ) or(l) (1 3) (2 4) (1 2) (1) (2) (1 2) (1) 

C2(2) O'v(2) (1 4) (2 3) (1 2) (1 2) (1) (2) (1) 

Table 2 

Mark table for C2v and D 2 

J C I C 2 C 2, C2. D 2 
i ~.... . . . .  c~ C 2 c c .  C2~ 

D2(/C1) C2v(/Cl) 4 0 0 0 0 

D2(/C2) C2v(/C2) 2 2 0 0 0 
D2(IC2,) C2v(/C ) 2 0 2 0 0 
D2(IC2. ) C2v(/Cs, ) 2 0 0 2 0 
D2(/D 2) C2v(/C2v) 1 1 1 1 1 

G 

I i . . . . . .  I 
Alo ( A2o~ ~ic~ Asc~ 

G( /G i) 

l l 1 
io~ io( A io(  

Gj(/G(kJ)) 
s ( iOO 
djk 

Fig. ]. S~i,,i~ion of ~e o~bit t ,  into A~ by ~e ~u~,~o~ of G(m~) by Cj. 
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COROLLARY 1-1 

vj 

G( /Gi )  1. Gj = ~., fl(iJ)Gj(/Gk~)), i= 1,2 . . . . .  s and j =  1 , 2 , . . . , s ,  (7) 
k=l 

in which G. {:} is a set of v. subgroups of G. in a similar way as in theorem 1, G: j) is an 
K j • : i~.(0. ) identity representation, and G v07 = Gj. The multiplicities ,_~ are calculated in the light 

of  
v: 

Vl Z a{iJ)'~(J) = /-,k ' "k t ,  i =  1,2 . . . . .  s, j =  1,2 . . . . .  s and l =  1,2 . . . . .  v j ,  (8) 
k=l  

in which (m:j)) is a table of marks for G. and v, are the marks of G, (:) in G(/G:)$G, 
The subduction of G(/G,) by G; lyields'a subdivision of the orbit k;,~ into A2~ 

i "  " "1 " i c t  (/3= 1, 2 . . . . .  /3~J)) by means of corollary 1-1 (fig. 1). The length of the sub-orbit (Ak:) 
is equal to the degree of G.(/G~i)), i.e. 

~.~ = [Gj I /Ia~J)l, (9) 

since the sub-orbit is subject to Gj(/G~:)). 
We next assign a variable s~ a) to each orbit A ~  and define a unit sub- 

P ic~ 
duced cycle index (USCI). Note that G(/G~ j)) is a CR on the orbit A~/3. Thereby, we 
arrive at: 

DEFINITION 1 

The unit subduced cycle index (USCI) for G(/Gi),I.G j is represented by 

( .~(ict)~ k~=l['(iot)'~ [3{kI'3 Z G(/Gi),I, Gj,aa: k ) =  ~sa: k ) , fo r  i= 1 ,2  . . . . .  s,  

j = l , 2  . . . . .  s, 

(10)  

in which the superscript ( ia )  is concerned with the sub-orbit (Aik~). Since USCIs can be 
pre-estimated by eq. (8), a table of USCIs that collects them over all i and j (table 3) 
is convenient for further applications. Table 4 is an example for the Czv group. 

G(/G 1) 

G(/G i) 

G</G ) 

Table 3 

Unit subduced cycle indices for G(/Gi)~, ~ 
$c~ . . .  +aj . . .  .L% 

11 *= 1(saik 
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Table 4 

Unit subduced cycle indices of C2v and D 2 

.... ~ ~ j  $c~ $c  2 $c 2, $c  2. SO 2 
i ~ ~  ,I,C 1 ,I,C 2 ,[,C $C, $C2, 

o2(/c,) c2v(/c,) s: s, 
D2( /C  2) C2~(/C 2) s 2 s 2 s 2 s 2 s 2 

0 # % )  %(/c) 
o2(/c  v )  c 2 # c , )  s~ s 2 s 2 s~ s 2 

D2(/D 2) C:,(/C:v) s I s I s 1 s 1 s 1 

Y.lr~.i 1/4 1/4 1/4 1/4 0 

3. Enumera t ion  by using USCIs 

We explicitly consider a partition of positions of a given skeleton. We then 
provide different sets of  weights to different orbits of  the skeleton. Suppose that 
A = {51, 5 2 . . . . .  61Ai} is a domain which contains vertices of the skeleton and 
X = {X 1, X z . . . . .  Xix I }is a co-domain which contains atoms or ligands. Let a finite group 
G act on A in the form of the permutation representation Pa on A. The action of G on 
A yields a partition illustrated by fig. 1. Suppose that a weight w/~(Xr) (for i = 1, 2 . . . . .  s, 
~x = 1, 2 . . . . ,  a., and r = 1, 2, . . . ,  IXI) is assigned to each orbit Aia. We then define the 
weight of a function (configuration) as follows. 

DEFINITION 2 (weight of function) 

$ ~ i  

W ( f ) =  N H H wi~(f (5) ) ,  (11) 
i=1 Ct=0 5 ~ A i a  

for a function f :  A --~ X, where W.o(Xr) = 1. Then the following lemma can be proved 
(appendix B). 

LEMMA 1 

If two functions f r  and fe: A ~ X are equivalent to each other, then 

w(:? = w(4), (12) 

where the weights are given by eq. (8). 
Let  F (°) be a set of  configurations with a given weight W o, i.e, 

F (° )=  {fl (°) f r  (°), fe  (°), : ( ° ) l  (13) 
' " " " ' . . . . . . .  ' J I F I  J "  
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I ,emma 1 indicates that F (°) contains one or more equivalence classes. Since 
eq. (8) is considered to be a mapping o f #  °) tofe(°) in F (°), we can define a permutation, 

fffO)pgl ..... f~) pgl I 

' ' " '  F ) 
(14) 

which corresponds to g e G. The permutation group, 

FI(c e) = {¢r(ge) I Vg e G }, 

is homomorphic to 6; (or, equivalently, to Pa)' since u(e)zt(°) = u(0) can be proved for g" g g'g 
Vg, g '  e G [15]. 

Since I](a °) is a permutation representation of G, we can apply theorem 1 to this 
case. We thus obtain: 

T H E O R E M  2 

S 

I](G ° )=  ~ A o i G ( / G i ) ,  (15) 
i=1  

where the multiplicities Aoi a r e  the solution of the following equation: 

$ 

Poj = ~ , A o i m i i ,  j =  1,2 . . . . .  s. (16) 
i=1 

The values (Aa.) can be proved to be the numbers of configurations of Gi-subsymmetry 
and with a weight W o. They are obtained by solving the set of equations (eq. (16)), once 
the p,,'s are evaluated. The latter task can be accomplished by using USCIs (eq. (10)). oj 
The multiplication of USCIs over a and i yields the definition of a subduced cycle 
index. 

D E F I N I T I O N  3 

The subduced cycle index (SCI) for G. is represented by J 

Za Gj;sd~ , ) =  1] l-] Z G(/Gi),1, Gj,od~ * j 
i=1 a = 0  " 

i i  °' = 1~  l-I s ) , j =  1,2 . . . . .  s. (17)  
i=1 a = 0 k = l  

In terms of  definition 3, we have obtained the generating function of  Poj in the form of: 



S. Fuj i ta ,  Enumera t ions  o f  chemical  s tructures  105 

THEOREM 3 

A generating function for calculating the mark Poj is expressed by 

(icO ~ ~.,PojWo=Za Gj;sai k ), (18) 
0 

wherein the right-hand side is substituted by 

IXI 

Wia(Xr) • ~,aj, = ~ (19) 
r=l 

Our target is a derivation of a novel generating function for the number (At) of 
configurations (isomers). Equation (16) can be converted into 

Aoi = Poj mji , (20) 
j = l  

in terms of the inverse of a mark table. Equation (20) yields an equation to give the total 
number of orbits of F (°), i.e. 

S S S 

At= E Aoi = E E Ooj m~i . 
i=1 i=1 j = l  

(21) 

Equation (21) leads to a generating function for A o as follows: 

~"A°W°= ~o [ ~--1 ~ P°Jm:/)] W° 
0 i j = l  

j = l  k . \ i= l  "" I 

Obviously, the last term of eq. (22), 

~.P oj Wo, 
0 

is a generating function for p.:s, which are the marks of the subgroup G in FIt°). ~j 
These have already been evaluated in theorem 3 (eq. (18)). By introducing eq. (18) into 
eq. (22), we find the definition of a cycle index for G. 

DEFINITION 4 

The cycle index (CI) for G is represented by 
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/ ((.=.,,7 "'11 = k :.-.(G,.sd,, . 
j = l  i 

(23) 

This CI will be proved to be equivalent to P61ya's original CI. It should be empha- 
sized that the present definition (eq. (23)) involves variables (S(di,~)) which are pre- 
estimated by the subduction of CRs. We now arrive at: 

T H E O R E M  4 

A generating function for the total number of orbits of F C°) (i.e. the number o f  

isomers with Wo) is represented by 

~,AoWo = Z ( G ;  S(di~ ) ]  ) ,  (24) 
0 

where 
[XI 

,.(io:.) .d:k 
= w i a ( X r )  • ,'a:k ~ (25) 

r= 1 

The right-hand side of eq. (24) is a novel generating function that is based on the 
concept of USCI and SCI. 

A procedure for the enumeration discussed in this section contains the following 
steps: 

(1) determination of the symmetry G of a parent skeleton; 
(2) counting of fixed points (marks) in the G-set of the skeleton on each o~ra-  

tion of symmetry G; 
(3) determination of coset representations (CRs) by means of eqs. (1) and (2); 
(4) use of USCIs corresponding to the CRs (definition 1 and table 2) and con- 

struction of an SCI in terms of definition 3 (eq. (17)); 
(5) calculation of the factor of each of the subduced cycle indices by summing 

up the elements of each row contained in the inverse of the mark table; 
(6) construction of a generating function by definition 4 (eq. (23)); and 
(7) introduction of figure inventories into eq. (24) (theorem 4). 

The following example illustrates the procedure. 

Example 1 A noradamantane skeleton (1) of C2v symmetry. 

1 

9 (1) 
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We use the name noradamantane for octahydro-2,5-methanopentalene (1). The 
skeleton has nine positions, which are subject to Pc zv of degree 9. Its marks are obtained 
by counting fixed points on the action of each subgroup. Hence, 

#c~ = 9, #c2 = 1, /dc~ = 3, #c, ,  = 3, and # c ~  = 1. 

These values are introduced into eq. (2) to yield 

(0~C 10~C 20:,C s t~C s, O~C2v ) 

 1/4 0 0 0 ! ]  
| -  1/4 1/2 0 0 

= (9 1 3 3 1)1-1/4 0 1/2 0 

1 - 1 / 4  0 0 1/2 
\ 1 / 2  - 1 / 2  - 1 / 2  - 1 / 2  

= (1 0 1 1 1). 

This result indicates the reduction of Pc into four coset representations, i.e. 

PG2~ = C 2 v ( / C  l ) + c 2 v ( / c s )  + c 2 v ( / c s ' )  + c 2 v ( / c 2 v ) .  

These CRs are permutation groups on orbits A x = {4, 5, 6, 7}, A 2 = {2, 3}, A 3 = {8, 9}, 
and  A 4 = { 1 }, respectively. The orbits can be easily understood if we directly examine 
the skeleton and classify its nine positions into equivalence classes. It should be noted 
that the above treatment reveals the action of the CRs on the orbits. 

The inverse of the mark table of C2v has been found and is shown in table 5. By 
summing up each row of the inverse, we obtain the corresponding factors, as shown in 

Table 5 
The inverse of a mark table for zC-v and zD- 

o2(/G) o2(/c 2) o2(G.) o2(G.) o2(/oz) ~'= ~%; 

G G,(/G) G(/q.) G (/GO 
C 1 C 1 1/4 0 0 0 0 1/4 

C 2 C 2 -1/4 1/2 0 0 0 1/4 

C 2, C -1/4 0 1/2 0 0 1/4 

C 2. C, -1/4 0 0 1/2 0 1/4 

D 2 C2v 1/2 -1/2 -1/2 -1/2 1 0 

the rightmost column of table 5. Since the above reduction indicates the use of  the rows 
(C2v(/C1), C2~(/C), C2~(/C.) and C2~(/C2,,)) of table 4, definition 4 yields 
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Z(Pa: ) = 

+ 

+ 

+ 

(1/4)  {(s 2)(1)(s 2)(2)(s2 )(3)(81 )(4) 

(S 2 )(1)($2 )(2)(S 2 )(3)(S 1 )(4) 

)(2)(s2 )(2)(s 1 )(4) 
(S 2 )(1 )(S 2 )(2)($2 )(3)(81 )(4) }. 

The superscripts (1) to (4) correspond to the orbits A 1 to A 4, respectively. 
The OMVs of the skeleton (1) are 2 forA 1 and A4, and 3 forA 2 and A 3. If we select 

a co-domain X = {C, N, O}, the orbits A1 and A n Can take C, N, and O, but the orbits 
A 2 and A 3 take only C and N. Hence, we determine the following weights: 

wl(C) = x, wl(N) = y, wl(O) = z, for A 1, 

w2(C) = x, w2(N) = y, w2(O) = 0, for A 2, 

w3(C) = x, w3(N) = y, w3(O) = 0, for A 3, 

w4(C) = x, w4(N) = y, w4(O) = z, for A n. 

Hence, we obtain the following figure inventories: 

s(.1) = x~ + y ~ + yZ + z ~, fo rA1 ,  

s(~ 2) = x Z + y  ~, for A2, 

sO ) = xZ+y  ~, for A3, 

s(. 4) = x~ + y ~ + z z, for A4. 

These equations are introduced into eq. (24) to give a generating function: 

~_.AoWo = (1/4){(x  + y + z)5(x +y)4  
0 

+(x 2 4-. y2 + zZ)Z(x + y + z)(x 2 + y2)2 

+(x 2 + y2 + 22)2(x + Y -F z ) (x  + y)Z(x2 + y2) 

+(x 2 + y2 + zZ)2(x + y -k 2)(x 2 + yZ(x  + y)2} 

= x 9 + 4x8y + 2x8z + 13xTy 2 + 1 lxVyz + 4x7z 2 + 27x6y 3 

+38x6yZz + 21x6 yz  2 + 4x6z 3 + 39x5y 4 + 73xS y3z 

+59x5yZz 2 + 17x5yz 3 + 2x5z 4 + 39x4y 5 + 92x4y4z 

+96x4y3z 2 + 42x4yZz 3 + 8x4yz 4 + x4z 5 + 27x3y 6 
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+73x3y5z + 96x3 y4z 2 + 54x3y3z 3 + 15x3y2z 4 + 2x3 yz  5 

+13x2y 7 + 38x2y6z + 59x2yS z 2 +42x2y4z 3 + 15x2y3z 4 

+ 3x2y2z 5 + 4xy 8 + 1 lxyTz + 21xy 6z 2 + 17xySz 3 

+8xy 4z4 + 2xy3z5 + y9 + 2y8z + 4y7z2 + 4y6z3 

+2ySz 4 +y4zS. 

The coefficient of  the term xlymz n indicates the number of isomers with C1NO n. 
Figure 2 collects C7N 2 and C702 isomers based on the skeleton (1), in which unmarked 
vertices denote carbon atoms. The number (13) of CTN 2 isomers appears as the co- 
efficient ofxVy 2. The coefficient ofxTz 2 indicates that there are 4 isomers corresponding 
to C702. The difference between the numbers comes from the OMV restriction. 

Some simplification is available so as to derive equations for special cases that 
do not take OMVs into account (appendix C). 

CTN 2 

CvOz 

N 

N 

Fig. 2. Collection of C7N 2 and C702 isomers based on the skeleton (1). 
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4. Corre la t ion of the present method to P61ya's theorem 

Equation (1) yields a partition of A into Aia. Each coset representation G(/Gi) is 
a permutation representation o n  Aia. Suppose t h a t  G(/Gi)g E G(/Gi) has a cycle structure, 

(i1' i2 . . . . .  ira)' 

where 

m 

z/.r = m (26) 
"r= 1 

and 

m = IGI/IGil = IAi,]. (27) 

Note that m is dependent upon i. We then assign a variable s, to a cycle of length v. 
Thereby, we define a unit cycle index as 

f i  . , ( i a )  _(ia) s,~] , 
• = l  / ( g )  

(28) 

for G(/G.).  The superscript (ia) is concerned with the orbit A. on which G(/G i ) . _  . acts. 
t g . to~ 

By using ~(,a), we obtain the definition of the cycle index. 

D E F I N I T I O N  5 

s a i  

Pe" _(ict)~ _(ia) z ,s ,  ) : ( 1 / I G I )  • l 'I [-I Zg 
g~G i=l a = 0  

= (1 / IGI)  ~ c  H s~'/  , 
g i =1  a = O  "r=l J ( g )  

(29) 

where z (i°) = 1. Appendix D proves the following theorem, in which P61ya's theorem is 
general(zed to meet our requirements. 

T H E O R E M  5 

The number (Ao) of configurations with weight W o is obtained in terms of a 
generating function: 

Xo aowo = ), 
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where the corresponding figure inventories are represented ,by 

IXI 
S(~ ° 0 =  E Wict(Xr) "c, 

r =  1 

(31) 

The above two methods have yielded eq. (24) (theorem 4) and eq. (30) 
(theorem 5), respectively, as generating functions. These equations are different in their 
explicit forms. However, since both equations are generating functions for the same A o, 
their right-hand sides should be equal to each other. Thus, we find 

a; ( . ,~(iu) 

(l/iCi) 2 fi I-I L fiscal 
g ~ G  i=l  a=O " r= l  J ( g )  

j = l  i i = 1  a = 0 k = l  

(32) 

In order to characterize eq. (32), we should clarify the correspondence between g of the 
left-hand side and the subgroup Gi that is implied by the right-hand side. The following 
lemma (appendix D) is important in clarifying this correspondence. 

LEMMA 2 

(1) Suppose that G(/G i) is a coset 
g ~ G have a cycle structure: 

(i1, i2 . . . . .  ira), 

where 
m 

Z 
• = 1 

Suppose that h is represented by a product of cycles, 

representation on A. Let h = G(/Gi)g for 

(33) 

m if 

h =  I-I I-I(ala2 . . . . .  a~). 
x=l a=l 

(34) 

Let n be the least common multiple of 7: (for i ~: 0; "r = 1, 2 . . . . .  m). The subgroup 
generated from the element h: 

H =  { I , h , h  2 . . . . .  h n-a} 

is a cyclic group. The cyclic group (H) provides a partition of A. 
a 2 . . . . .  a ) ,  the length of which is ~'. 

into i orbits: (a 1, 
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(2) If q (1 < q < n) is any divisor of n, an element (h q) of H generates a cyclic 
subgroup, 

H' = {h q, h 2q . . . . .  hwq(=I)}, 

where w = n/q. This provides a further partition o f  Aic t in which the orbit ( a  1, a 2 . . . . .  a T) 
is subdivided if 1 < q < "t- and q is a multiple of a divisor of "r. 

(3) Consider the case where q' (1 < q'  < n) is no divisor of n and where q' and 
n have at least one common divisor. Suppose that q is the greatest common divisor of 
n and q'. The element h q" generates a cyclic subgroup which is equal to H' .  

(4) If q and n are co-prime, the element (h q) has the same cycle structure as h 
and generates a cyclic group H that is equal to that generated by h. Note that h q q~ H'. 

The above process is identical to the operation that selects the element of H from 
G(/Gi). This means a consideration of G(/Gi).~H. As a result, lemma 2 can be consi- 
dered to show the reduction of G(/G i),l,H. Hence, G(/Gi) ,~H provides i orbits of  length 
a:. If we consider that G. = H, eq. (7) holds for this case. This fact combined with lemma 

. t  
2 permits us to recogmze that G,(/G~ j>) denotes a coset representation on the orbit 
(a~, a 2 . . . . .  a,). The number of sAch orbits is i,. It follows that 

and 
I%J/la   l : r (35) 

= i ,  (36) 

since the degree of Gj(/G~ J)) is IG.I/IG~J)I, which is equal to the length of the orbit. 
Equation (35) combined with eq. (6) gives 

d t  = z. (37) 

The USCI (eq. (10)) is converted as follows in the light of  eqs. (36) and (37): 

Z(G (/G i) .I, Gj ; Sdj. ) m k~ = 1 L'~ dj,~['~(ia)~ 

f l  . ,~(ia) = s ~ /  _(ic0 : ~ g  , 

~=] Y(g) 
(38) 

where the product over k can be converted into that over ~. The superscript i a  concerns 
the orbit Aia. The subscript g represents the term related to G(/G.) (=h). The subgroup 

g 

G corresponds to g through G,= H = {I, h, h z . . . . .  h" - 1}. Note that eq. (38) is true only 
i ( G . =  H, i.e. if G. is a cyclic group. 

J 1 
If g '  ~ G is conjugate to g ~ G or, equivalently, if the corresponding G(/Gi)g, 

(=h')  is conjugate to G(/Gi)g (=h), the cycle structure of h is equal to that of  h'. Hence, 
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z (icO = z (!c~). (39) 
g g 

The conjugate elements h and h" generate cyclic groups H and H '  that are conjugate to 
each other. 

If g* = g '  ('t- = 1, 2 . . . . .  or m) for g and g' ~ G and G(/Gi) ° (=h) and G(/Gi)g, 
(=h')  have the same cycle structures, the cyclic group H generated ~'rom h is obviously 
equal to that generated from h'. 

Suppose that a cyclic group Gj has cyclic subgroups G2 i~ (k = 1, 2 . . . . .  t } -  1). 
Since IG,(~)I is a divisor of IG.I, lemma 2(4) indicates that (a) if g ~ G. corresponds to 

Ic .( . . 1 . 
the generator h = G(/Gi) ~ which generates G (=H), it is not an element of any Gk°~. 
Hence, 

v-1 (j) 
g ~ Gj-kU=IGk , 

and (b) if h' = G(/Gi)g, has the same cycle structure as h, 

g' e Gj - V@1G (j) or g' e G . , -  V@IG (j'), 
k = l  k J k = l  k 

where G., is a conjugate group of G.. Hence, if cr denotes the number of groups 
1 l 

conjugate to Gj in G, the number of elements that have the same cycle structure as h is 
represented by 

cr Gj - 2@11G (kJ) = IGI q)(IGj I) I I Na ( Gj )I, 

where tp(n) is the Euler function and NG(G) denotes a normalizer of G~. Note that 

where lemma 2(4) shows this term to be equal to the number of integers from 
1 to n which are co-prime to n. The term cr has proven to be or= IG: Nc(G)I 
= IGI/INc(G,)I [161. 

If cyciic groups are generated from all g ~ G, they can be easily proved to 
construct a complete set of  cyclic subgroups of G. This means that the summation over 
g ~ G on the left-hand side of eq. (32) corresponds to that over all cyclic subgroups of 
G. Hence, on the right-hand side of eq. (32), the summation over j (or Gj) is effective 
if and only if Gj is a cyclic group. These results can be summarized as: 
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THEOREM 6 

s _  IG21) 
m j, - for any cyclic G j ,  

i= 1 ING (Gi)[ 

S 

~_~ m--ji = 0 for others. (40) 
i=1 

This equation is equivalent to that derived independently by Kerber [17]. The following 
equations are easily proved. 

S 

~ , m - - j i = O ,  i ~ s, 
j=1 

= 1, i =  s. (41) 

5. Conclusions 

A novel enumeration that explicitly considers the transitivity of a given group 
acting on a domain is accomplished by subduction of  coset representations. This method 
is based on novel concepts such as unit subduced cycle indices and subduced cycle 
indices, all of  which also stem from the coset representations. The relationship between 
the present method and that of  P61ya is discussed. 

Appendix A 

Coset  representations and tables o f  marks.  Let  G i be a subgroup of  a finite group 
G. The subgroup G i provides a coset decomposition of G, i.e. 

G = G i g l + Gi g2 + " " " + Gi gin' 

where gl = I (identity) and g~ ~ G (for j  = 1, 2 . . . . .  m). The set of  permutations of  degree 
m: 

( G i g l ,  Gig2 . . . . .  Gigm I 
= for Vg e G 

G(/Gi)g ~Gigl g, Gig2g . . . . .  GigmgJ 

constructs a permutation representation of G. This is called a coset representation (CR) 
of  G by G i, w h i c h  is denoted as G(/Gi)  in the present paper. The CR is transitive and 
its degree is IGI/lGil. It should be noted that two conjugate subgroups provide equiva- 
lent coset representations. 

Suppose that a series of subgroups G i (i = 1, 2 . . . . .  s) of G are selected in such 
a way that conjugate subgroups are counted once. They are arranged in ascending order 
of  their orders, where G 1 is an identity group and G = G. The corresponding CRs, i.e. 
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G(/G/)'s, construct a complete set of transitive representations of G. The group G(/G1) 
is a regular representation of degree I G I. Obviously, G(/Gs) is an identity group. 

The mark of a subgroup H in G is the number of fixed points of a G set on the 
action of H. The symbol m r indicates the mark of subgroup G. in G(/G.), which is the 
number of fixed points in t~e domain of G(/Gi) by the actionJof G.. Each element m .  
is constant, since G) and G(/Gi) are given. A list of m.~ for k/j and ~/i is called a tabl~ 
of marks [14]. 

Appendix B 

Proof of lemma 1. Since f7 and fc are equivalent, there is a P ~ Pc that satisfies 

for V S e A .  

Hence, 
s a i  

w ~ ) :  H H H 
i = l  a = O  6~ Aia 

a l  

w,<,crr(5))= H l'I I] w,:CrAe,(a))l. 
i = 1  a=O 6~ Aia 

On the other hand, 

s c(i 

w(£)= H H [I w,.O<~(5)). 
i= l  a = 0  8 ~  A i a  

Since the right-hand sides of these equations are equal except for the sequences of 
fe(P(5)) and fE(5), 

w(¢?-- w(¢?. 

Appendix C 

Special cases. If we do not consider the OMVs, we can obtain a simpler 
generating function. In this case, we can abbreviate the superscript (ia) that denotes the 
correspondence to each orbit. Thereby, definition 3 is conveited as follows: 

z ~ c , ~ ; s  ) =  H H  ~ ) = H  H s ) 
i = 1  a = O k = l  k = l  i = 1  a = O  

k = l  i = 1  k = l  
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Hence, we arrive at: 

DEFINITION 6 

(1) The SCI for this case is defined as 

(oi ;  s+, ) = 1] (s+, 
k = l  

(2) By using the SCI (eq. (C.1)), the CI for this case is defined as 

= mji ZG (Gj;  Sdjk ) • Z ' ( G ; S d j k )  j = l  i (c.2) 

Thereby, theorem 4 is transformed into corollary 4-1 in order to treat the present 
special case. 

COROLLARY4-1  

A generating function without considering the OMV restriction is represented by 

where 

~,AoWo = Z" (G ; Sd~k ), (C.3) 
0 

IXI 

Sd/k = Z X #  k. (C.4) 
r= 1 

Note that the power: 

$ 

i = l  

appearing in eq. (C.1) is available from a summation of the powers contained in the unit 
subduced cycle indices under multiplication by a i. 

Suppose that X = 1 for all r in eq. (C.4). Then, we obtain Sa~k = IX I. As a result, 
eq. (C.4) can be converted into corollary 4-2. which gives the total number of con- 
figurations. 

C O R O L L A R Y 4 - 2  

Z A o  = mji IXI ZI=1 ai~iJ) 
0 j = l  i k = l  

j = l  i=1 
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where 
S 

flij = ]~ fl(k ij). (C.7) 
k=l 

The left-hand side of eq. (C.6), i.e. Y~oAo , is the total number of configurations. The term 
fl~ in eq. (C.7) is the number of sub-orbits that are derived by eq. (8). 

Appendix D 

Proof of theorem 5. Let ~(Jre(°)) be the total number of configurations with 
weight W that are invariant under a permutation ~(o) (e H~ °)) For a configuration to 
be invariant, the positions corresponding to each cycle of length "r have to take the same 
ligands, i.e. zX 1 or vX 2 . . . . .  or vX r. Hence, the generating function for this part is 
obtained as follows: 

IXI 
(ia) (D.1) S'r = E W ict(Xr) "r" 

r =  1 

Since this is true for all cycles, we find the generating function for Aia on which G(/Gi)g 
operates, i.e. 

( ,r =[I 1 i ~ "~ ( i ct ) S, J(g) . (D.2) 

Multiplication of this term over a and i provides a generating function: 

~; ( . .~(ia) 

n fls  j 
0 i = l  ct=0 a:=l / ( g )  

(D.3) 

Note that the term s of eqs. (D.2) and (D.3) is concretely expressed by eq. (D.1). 
The number of fixed points V(~ (°)) of F (°) on the action of ~(0) provides the 

number of orbits of F (°l through the Cauchy-Frobenius (so-called Bu"rnside) Lemma: 

Ao = (1/IG l) ~ gt(~r(g°)), (D.4) 
g e G  

where A 0 
gives the generating function for Ao: 

is the number of orbits of F (°). The Cauchy-Frobenius Lemma (eq. (D.4)) 

 Ao o=o 

=(1/IGI) ~(v(Jr(g°))Wo). 
g e G  0 

(D.5) 
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The introduction of  eq. (D.2) into eq, (D.3) yields 

ai  ( . ,~(ia) 

Z A ° W o = ( 1 / I G  I) ~ a  f i  I-I ~ , f l  s~'|  . (D.6) 
0 g i=1 a = 0  ar=l J (g)  

A comparison between eqs. (29) and (D.6) yields theorem 5, which is a generalization 
of  P61ya's theorem. 

Appendix E 

P r o o f o f l e m m a  2. Consider h = G(/Gi)g ~ G(/G i) for a given g ~ G. We then 
construct a series of  elements: 

H = {h, h 2 . . . . .  h n - l ,  hn(=I)}. 

Obviously, H is a cyclic group that is a subgroup of  G(/G i) generated from the 
generator h. Let us first consider the case where h consists of  a single cycle, i.e. 

al , a2 
h = (al a2 . . . . .  an ) = \a2,  a3 

As a result, 

. . . . .  an-l,an ). 
, . . . ,  an, al 

h 2 = (al , a2 . . . . .  an-2,  a n - l ,  an)  
\a3, 0.4 . . . . .  an, a l ,  a2 ' 

h3=(al,a2 . . . . .  a n - 2 ,  a n - l ,  an 1 
\an, 0,5 . . . . .  a l ,  a2, a3 ' 

. . , 

al , a2 , . . . ,  an-2,  a n - l ,  an 

This process implies that each of  these permutations can be represented by a product of  
several cycles, all of  which have length n or less. Therefore, the cyclic group 
H = {I, h . . . . .  h n -1} on A = {1, 2 . . . . .  n} provides a single orbit of  A, which has a 
length n. 

A cyclic group of  finite order generally has only one subgroup of  which the order 
is equal to any divisor of  the order of the cyclic group. The set of such subgroups is the 
complete set of  the subgroup of  the cyclic group. Now, we consider h q (1 < q < n) to 
be a generator of  such a cyclic group. As a result, when q (1 < q < n) is a divisor of n, 
the generator h q yields 
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H ' =  {h q, h zq . . . . .  h w q ( = I ) } ,  

which is a subgroup of  H, where w = n/q. Note that IH'I = w. In this case, if we divide 
the permutation h q into w parts of  equal length q, we obtain the following relation: 

I al  , . . - ,  1 , a2q+l , , . . . ,  a ( w - 1 ) q + l ,  " " '~  
h q = aq+ . . . ,  . . .  ) aq+ l , • . . ,  a2q+ 1 , . . . ,  a3q+ 1 , . . . ,  . . . ,  al  , 

= (al  aq+l . . .  a n - q + l ) ( a 2  . . .  a n - q + 2 ) . . .  (aq . . .  a n ) .  

This indicates that h q is the product of  q cycles of length w. Hence, H '  on Aia provides 
q orbits, each of  which has a length w. 

Let us next consider the case in which q '  (1 < q '  < n) is no divisor of  n but that 
we can suppose that n and q'  have common divisors. Let q be the greatest common 
divisor of  n and q', where a '  = a~/. Since q is a divisor of  n, we can assume that 

(h q' w " haq w _ I and h q" w + b _ hq" w hq" b _ h q" b, h wq = I. Hence, we can obtain ( ) - ( ) - ( ) - ( ) ( ) - ( ) 
where a and b are integers. These equations indicate that h q" generates H ' ,  which is 
equal to the cyclic group generated by h q. 

The third case is that q '  ,(1 < q'  < n) is not a multiple of  any q (i.e. q '  and n are 
co-prime). The permutation h q has the same cycle structure as h, since such a division 
as above is impossible. Therefore, h q" generates H, which is the same as the cyclic group 
generated by h. In terms of  the definition, hq'q~ H ' .  Obviously, the generator h is not an 
element of any H' .  

Let us next extend these results to a more general case. Suppose that h has a cycle 
structure (i 1, i 2 . . . . .  / ) .  This cycle structure means that h contains i cycles of  length 
a:, i.e. 

m ilr 

h = I-I I~ (a l  az . . . . .  az). 
T=I a=l  

Let n be the least common multiple of Us in which the Cs are selected from 1, 2 . . . . .  m 
if  i ~ 0. If we consider h 2, h 3 . . . . .  h"(=I),  the above discussion on a single cycle 
applies to each of  the cycles of  the present case. Therefore, the cyclic group 
H = {I, h, h 2 . . . . .  h"-1} on A provides a partitioning of  A into orbits, the lengths of  
which are ar ('r = 1, 2 . . . . .  m) if i ~ 0. The above discussions have proved lemma 2. 
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