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Abstract

Subduction of the coset representations and the related concepts such as unit subduced
cycle indices and subduced cycle indices yields the foundation for a new type of generating
function for enumerating chemical structures. This method is related to Pélya's theorem.

1. Introduction

Pélya’s theorem [1,2] has had a profound influence on the progress of solving
enumeration problems. There has thus emerged a vast number of papers which are
devoted to its extension [3—5] and various applications, in particular to isomer enumer-
ations [6]. Ruch et al. [7] have reported enumerations based on double cosets. Recently,
Hisselbarth [8] has presented an excellent method using tables of marks. Brocas [9] has
mentioned another method that is based on double cosets and the framework group.
Mead [10] has compared these methods by using common problems.

A typical question in enumeration has been how to obtain the number of isomers
with ligands (or atoms) selected from a given set on the basis of a parent skeleton. This
question, however, overlooks the fact that each position (vertex) of the skeleton cannot
always take all ligands from the set. Especially in the case of chemical applications, this
type of restriction is an important consideration, since each position has an obligatory
minimum valency (OMV) [11-13].

In previous papers {13], we have reported subduction of coset representations and
its application to such enumeration problems. In particular, we have proposed unit
subduced cycle indices (USCIs), which are foundations for qualitative discussions on
molecular symmetry as well as for introducing a new type of generating functions. In
a continuation of that work, the present paper deals with discussions on the relationship
between USCIs and P6lya's cycle indices.

2. Subduction of coset representations and unit subduced cycle indices

Let G be a finite group that keeps a given skeleton invariant. The group G thus
acts on the set (A) of positions of the skeleton to give a permutation representation P,
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100 S. Fujita, Enumerations of chemical structures

on A. If F, is intransitive, the domain A is divided into orbits. This division is
accomplished by theorem 1, which derives from Bumnside [14].

THEOREM 1

Any permutation representation F, is reduced to a set of (transitive) coset repre-
sentations (CRs) in the form of

Pc = Y a;G(/G)), (1)
i=1

in which the symbol (G(/G‘. )) denotes a coset representation (CR) of G by the subgroup
G,. The multiplicities ¢, are determined by solving the following equations:

8

wi= 2 aimg, j=1,2,..,5, @)

i=1

where K, is the mark of G/. inF,.

The multiplicities ¢, are obtained by solving the s equations expressed by eq. (2).
When the symbol (r7zﬁ) denotes the inverse of a mark table (m‘.j), eq. (2) is transformed
into

o = z ujajl’ j= 1,2,...,3. (3)
k=1

Table 1 lists coset representations for the C,, group. Table 2 shows the table of marks
for the C,, group, which can be easily constructed from the concrete forms of the coset
representations of C,, .

Equation (1) corresponds to the division of the domain A into orbits, i.e.

A‘.a for i=1,2,...,s and a=1,2,...,a{., @)

on which G(/G)) acts (fig. 1). The number of orbits is
5
> o (5)
i=1
The length of A,  is equal to the degree of the corresponding G(/G), ie.
A, I =1GI/IG,1. (6)
Each of the CRs represented by eq. (1) is transitive. However, if it is subduced to a
subgroup, the resulting subduced representation (SR) for the subgroup is generally

intransitive. Let G(/Gi)iGj denote the subduced representation of G(/Gx.) by the sub-
group G}.. The SR is reduced to a set of CRs in terms of:
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Table 1
Coset representations of C, and D, by the subgroups

DC)  DyC) Dy/C,) DyiC,) DD,

D2 C2v CZV(/CI) C2v(/C2) C2V(/CJ) CZ\'(/CS ') C2v(/C2v)
I I HLEOGBH@®D L L@ @ (1)
Cz(a) c, 1234 M@ (12) (12) ¢))
Cony Oy 1324 (12) 1@ 12) (1)
Cray Oy  AHEQI (D) 12 1)@ )
Table 2
Mark table for sz and D2
j C1 ¢, C, Cz' D,
i ¢, ¢ C c. C,,
Dz(/Cl) sz(/Cl) 4 0 0 0 0
Dz(/cz) sz(/cz) 2 2 0 0 0
Dz(/cz') sz(/Cs) 2 0 2 0 0
D,(/C,.) CZV(/C:,) 2 0 0 2 0
Dz(/Dz) sz(/czv) 1 1 1 1 1
A
G
A] O( 4 2K Dot Bso
G(/G;)
VG j
ol ok Al Al
Sip Lap kB Y
(j)
G j(/ Gk )
< ((j x‘O()
)k

Fig. 1. Subdivision of the orbit 4,  into A,ﬁg by the subduction of G(/G,) by Gj.
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COROLLARY 1-1

Uj . .
G(/GHLG,= Z BG; (16D, i=1,2,...,5 and j=1,2,...,s, (T)

in which G/ is a set of v, subgroups of G, in a similar way as in theorem 1, G/ isan
identity representauon and GY; =G, The ‘multiplicities B are calculated in the light
of

Uj
vi= 3 BPm i=1,2,...,s5 j=1,2,...,5 and I=1,2,..,v;, (8)
k=1

in which (m{?) is a table of marks for G, and v, are the marks of G/ in G(/G)lG

The subduction of G(/G) by G; ylelds a subdivision of the orbit A, into A"‘
(B=1,2,..., B%) by means of corollary 1-1 (fig. 1). The length of the sub- orblt (A
is equal to the degree of GJ(/G(”) ie.

dx =1G; /|G, &)

since the sub-orbit is subject to G, (/G(D)

We next assign a vanable s(‘f’) to each orbit A“" and define a unit sub-

duced cycle index (USCI). Note that G (/G () is a CR on the orbit Akﬂ Thereby, we
arrive at:

DEFINITION 1
The unit subduced cycle index (USCI) for G(/Gi)iGj is represented by

(i)

Ui By
2(6 (6 L 63 s§2) = TL (s42) ", for i=1,2,...5, (10)
k=1
J=12,...,5,
in which the superscript (i &) is concerned with the sub-orbit (Ai"‘ . Since USCIs can be

pre-estimated by eq. (8), a table of USClIs that collects them over all i and j (table 3)
is convenient for further applications. Table 4 is an example for the C, group.

Table 3
Unit subduced cycle indices for G(/G‘.)lGj
./ e iGj 1G,
i
G(/G))
v pln
G(/G) el (sae ) *

G(/G )
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Table 4
Unit subduced cycle indices of C,, and D,

j lc lc, lc, lc,. D,

i lc, lc, ic, lc, ic,,
bcy ¢, c) N s; s; s 5s
Dcy)  CUC) st sy 5 ) 5
b,(/C,) C,(C) 512 5, s? 5, 5,
D,/C,.) C,(C.) s? s, 5, s? s,
D,(ID)  C,UC)) 5 51 51 5 1

Y.m.. 1/4 1/4 1/4 1/4

i ji

3. Enumeration by using USCIs

We explicitly consider a partition of positions of a given skeleton. We then
provide different sets of weights to different orbits of the skeleton. Suppose that
A=1{d,48,...,8,]) is a domain which contains vertices of the skeleton and

X=X, ) CHR X:i: }is a co-domain which contains atoms or ligands. Let a finite group
G act on A in the form of the permutation representation P, on A. The action of G on
A'yields a partition illustrated by fig. 1. Suppose that a weight w X)) (fori=1,2,...,5,
a=1,2,...,aandr=1,2,...,1Xl) is assigned to each orbit A, - We then define the

weight of a function (configuration) as follows.

DEFINITION 2 (weight of function)

W(f) = H1 H“H wia(F(8), (11)
t=1 o= € Aja

for a function f: A — X, where w,(X)) = 1. Then the following lemma can be proved
(appendix B).

LEMMA 1

If two functions fy and f: A — X are equivalent to each other, then

W(f) =W(L), (12)

where the weights are given by eq. (8).
Let F be a set of configurations with a given weight W, ie.

FO= (£® ’fy(e)’ N AR (U (13)
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Lemma 1 indicates that F® contains one or more equivalence classes. Since
eq. (8) is considered to be a mapping of fy(e) t0 £ in F®, we can define a permutation,

(9) -1 (6) p-1
O _ Pg AU fF Pg ‘ (14)
g fl(e) e f(’?)

which corresponds to g € G. The permutation group,

ng ={=y’|vge G},

is homomorphic to G (or, equivalently, to F,), since n:?)née) = n;,g) can be proved for
Vg, g’ € G [15].

Since 1% is a permutation representation of G, we can apply theorem 1 to this
case. We thus obtain:

THEOREM 2

N =Y 40:G(/G)), (15)
i=1

where the multiplicities A . are the solution of the following equation:
5
peoj= 2 Agimij, j=1,2,..,5. (16)
i=1

The values (A ) can be proved to be the numbers of configurations of G -subsymmetry
and with a weight W,. They arc obtained by solving the set of equations (eq. (16)), once
the Py 's are evaluated The latter task can be accomplished by using USCIs (eq. (10)).
The mulupllcatlon of USCIs over « and i yields the definition of a subduced cycle
index.

DEFINITION 3
The subduced cycle index (SCI) for G,- is represented by

s a;
ACERE I 0z((;(/a )16;5542)
= a=
s 24} vy B("J‘)
=TI T 11 (sf;f‘)) Ci=1,2, ., (17)
i=1 a=0k=1" "~

In terms of definition 3, we have obtained the generating function of Py in the form of:
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THEOREM 3

A generating function for calculating the mark Py is expressed by
SpoiWo = 2o (65:552), (18)

wherein the right-hand side is substituted by

1X1
540 = T wia®. (19)

Our target is a derivation of a novel generating function for the number (A ) of
configurations (isomers). Equation (16) can be converted into

Agi= X pojmji, (20)
j=1

in terms of the inverse of a mark table. Equation (20) yields an equation to give the total
number of orbits of F©®, i.e.

Ag = ; Agi= D, X pomji. (21)

i i=1 j=1

Equation (21) leads to a generating function for A o s follows:

i

5 S —_()
%‘,Aewe:%[z Zpejmﬁ’ W
=1j=1

5 5
- (27 )Zpaa) 2)
j=1\\i=1 6
Obviously, the last term of eq. (22),
%Pej We,

is a generating function for pej's, which are the marks of the subgroup G in I'I((?).
These have already been evaluated in theorem 3 (eq. (18)). By introducing eq. (18) into
eq. (22), we find the definition of a cycle index for G.

DEFINITION 4

The cycle index (CI) for G is represented by
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(G s(‘“)) 2((? u)) (G,,s““’)]. 23)

This CI will be proved to be equivalent to P6lya's original CI. It should be empha-
sized that the present definition (eq. (23)) involves variables (s(‘a) which are pre-
estimated by the subduction of CRs. We now arrive at:

THECREM 4

A generating function for the total number of orbits of F ® (i.e. the number of
isomers with W) is represented by

2A9w9=z(a s<‘“>), (24)
8
where
1X1 g
s = T wia)™. (25)

The right-hand side of eq. (24) is a novel generating function that is based on the
concept of USCI and SCI.
A procedure for the enumeration discussed in this section contains the following
steps:
(1) determination of the symmetry G of a parent skeleton;
(2) counting of fixed points (marks) in the G-set of the skeleton on each opera-
tion of symmetry G;
(3) determination of coset representations (CRs) by means of egs. (1) and (2);
(4) use of USCIs corresponding to the CRs (definition 1 and table 2) and con-
struction of an SCI in terms of definition 3 (eq. (17));
(5) calculation of the factor of each of the subduced cycle indices by summing
up the elements of each row contained in the inverse of the mark table;
(6) construction of a generating function by definition 4 (eq. (23)); and
(7) introduction of figure inventories into eq. (24) (theorem 4).

The following example illustrates the procedure.

Example 1: A noradamantane skeleton (1) of C, symmetry.
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We use the name noradamantane for octahydro-2,5-methanopentalene (1). The
skeleton has nine positions, which are subject to P¢,, of degree 9. Its marks are obtained
by counting fixed points on the action of each subgroup. Hence,

He, = 9, He, = 1, He, = 3, Hcy = 3, and He,, = 1.
These values are introduced into eq. (2) to yield

(ac, ac, ac, Ocy Qcyy)

1/4 0 0 0 0

-1/4 1/2 0 0 0
=01331)-1/4 0 1/2 0 0|=(10111).

-1/4 0 0 1/2 0

12 -1/2 -1/2 -1/2 1

This result indicates the reduction of F, into four coset representations, i.e.

Psz = CZV(/CI)+C2v(/cs)+CZV(/CS')+C2V(/C2V)'

These CRs are permutation groups on orbits A, = {4, 5,6, 7}, A, = (2,3}, A, = (8,9},
and A, = {1}, respectively. The orbits can be easily understood if we directly examine
the skeleton and classify its nine positions into equivalence classes. It should be noted
that the above treatment reveals the action of the CRs on the orbits.

The inverse of the mark table of C, has been found and is shown in table 5. By
summing up each row of the inverse, we obtain the corresponding factors, as shown in

Table 5
The inverse of a mark table for sz and D2

DIC)  D,/C,) D,C,) DyC,) DDy E_m,
CZV(/CI) C2v(/C2) CZ\I(/C.S‘) CZV(/CS') CZV(/CZV)

DZ C2v

c, C 1/4 0 0 0 0 1/4
c, ¢, -l 12 0 0 0 1/4
c, C -4 0 112 0 0 1/4
c,. C. -4 0 0 112 0 14
D, ¢, 12 -12 112 -1 1 0

the rightmost column of table 5. Since the above reduction indicates the use of the rows
(€, (/C), C,(/C), C,(/C.) and C, (/C,)) of table 4, definition 4 yields
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Z(Pg,,) = 1/ {(sDHVsHPsHP s )@
+(53)MV(52)P(52)P(s1)®
+(53) V)P 52)P(s1)@
+(53) s P(sHP(s1) DY

The superscripts (1) to (4) correspond to the orbits A, to A, respectively.

The OMVs of the skeleton (1) are 2 for A and A,, and 3 for A, and A, If we select
a co-domain X = {C, N, O}, the orbits A and A, can take C, N, and O, but the orbits
A, and A, take only C and N. Hence, we determine the following weights:

wl(C) =x, w(N) =y, wl(O) =z, for A,
wZ(C) = X, wz(N) =Y, wz(O) = (, for sz

w (O =x w,N)=y w,(0)=0, for A,
w, (O =x, wMN)=y, w(0) =z for A,.

Hence, we obtain the following figure inventories;

s =x"+y"+y"+2%, forAy,

s = xT+y", for A,
s$ = xT4y7, for Aj,
s = xT+yT+ 27, for Ag.

These equations are introduced into eq. (24) to give a generating function:

YAeWe = (1/){(x+y+2)°(x+y)°*
’ +()c24.~y2+22)2(x+y+z)(x2+y2)2
-i-(x2 +y2 + 22)2(x +y+z2)(x+ y)2(x2 +y2)
+(x? +y2 + 22)2(x +y+ z)()c2 +y2(x + y)z}
=x"+ 4x8y +2x%2+ 13x7y2 +1 1x7yz +4x" 22+ 27x6y3
+38x6y22 +2 1x6y22 +4x%2° + 39)55y4 + 73x5y3z
+59)c5y222 + 17x5yz3 +2x°z2% + 39x4y5 + 92x4y4z

+96)c4y3z2 + 42x4y223 +8xtyzt + x%2° + 27238
Yy y
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+73x3y52 + 96x3y422 + 54x3y3z3 + 15Jc3y224 + 2x3yz5

+13x2y7 + 38x2y62 + 59x2y522 + 42x2y4z3 + 15)c2y324

+3x2y225 +4xy8+1 1xy7z +21xy%2% + 17ch523

+8xy“z4 + 2xy325 + y9 + 2ysz + 4y7z2 + 4y623

+2ysz4 +y425.
The coefficient of the term x'y™z" indicates the number of isomers with CNO.
Figure 2 collects C,N, and C,O, isomers based on the skeleton (1), in which unmarked
vertices denote carbon atoms. The number (13) of C7N2 isomers appears as the co-
efficient of x"y2. The coefficient of x’z? indicates that there are 4 isomers corresponding
to C,0,. The difference between the numbers comes from the OMV restriction.

Some simplification is available so as to derive equations for special cases that
do not take OMVs into account (appendix C).

& & &
A &

o % O A £

Fig. 2. Collection of C7N2 and C7O2 isomers based on the skeleton (1).

C.N./
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4. Correlation of the present method to Pélya's theorem

Equation (1) yields a partition of A into A, . Each coset representation G(/G,) is
a permutation representation on A, . Suppose that G(/G‘.)g € G(/G,) has a cycle structure,

(il, iz, R im),
where
S tii=m (26)
T=1
and
m= IGlllG‘.l = IA‘.al. @7

Note that m is dependent upon i. We then assign a variable s_to a cycle of length 7.
Thereby, we define a unit cycle index as

) m ) (i)
Zga) = ( H S;;t) , (28)

=1 (2)

for G(/G,-)g- The superscript (i) is concerned with the orbit A, on which G(/Gl.) acts.

i)

By using 2z, we obtain the definition of the cycle index.
DEFINITION 5
. s ai -
z(Peisi®)=anen 3 11 I1 24
geGi=1a=0

s

o m ) (ia)
=16 Y IT I1 (Hs‘;) , (29)
geGi a=0

=1 =1 Jig)

where 2z = 1. Appendix D proves the following theorem, in which P6lya’s theorem is
generalized to meet our requirements.

THEOREM 5

The number (A o) of configurations with weight W, is obtained in terms of a
generating function:

S AWy = Z(Pa ; si‘“’), (30)
8
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where the corresponding figure inventories are represented by

, (X1
s$9= 3 wig(X,)" (31)

r=1

The above two methods have yielded eq. (24) (theorem 4) and eq. (30)
(theorem S5), respectively, as generating functions. These equations are different in their
explicit forms. However, since both equations are generating functions for the same A,
their right-hand sides should be equal to each other. Thus, we find

anen ¥ 11 ﬁ(ﬁsi‘)ua)

geGi=1 a=0\1=1 ()

-3 (( > m )H I 11 (s &‘,f")ﬁm] (32)

Jj=1 i=l a=0k=1

In order to characterize eq. (32), we should clarify the correspondence between g of the
left-hand side and the subgroup G that is implied by the right-hand side. The following
lemma (appendix D) is 1mportant in clarifying this correspondence.

LEMMA 2

(1) Suppose that G(/G,) is a coset representation on A. Let h = G(/Gl.)g for
g € G have a cycle structure:
N R A 8

m

where

S 1i=m. (33)

Suppose that £ is represented by a product of cycles,

II
T :3

H alaz,..., ) (34)

Let n be the least common multiple of 7 (for i #0; 7= 1,2, ..., m). The subgroup
generated from the element A:

H={LhH . .. K"

is a cyclic group. The cyclic group (H) provides a partition of A,  into i_orbits: (a,,
a, . ..,a.), the length of which is 7.
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(2) If g (1 < g < n) is any divisor of n, an element (h7) of H generates a cyclic
subgroup,

= (h%, W™, ..., W=D},

where w = n/q. This provides a further partition of A,  in which the orbit (2, a,, ..., a )
is subdivided if 1 £ ¢ < T and ¢q is a multiple of a divisor of 7.

(3) Consider the case where ¢’ (1 < g’ < n) is no divisor of n and where ¢” and
n have at least one common divisor. Suppose that ¢ is the greatest common divisor of
n and ¢’. The element 9" generates a cyclic subgroup which is equal to H’.

(4) If g and n are co-prime, the element (A7) has the same cycle structure as h
and generates a cyclic group H that is equal to that generated by 4. Note that A7 ¢ H’.

The above process is identical to the operation that selects the element of H from
G(/G,). This means a consideration of G(/G, y4H. As a result, lemma 2 can be consi-
dered to show the reduction of G(/G, YWH. Hence G(/G, YWH provides i orbits of length
7. If we consider that &, = H, eq. (7) holds for this case. ThlS fact combmed with lemma
2 permits us to recognize that Gj(/GkU’) denotes a coset representation on the orbit

(a,, a,, ..., a). The number of such orbits isi. It follows that
IGIIG =T (35)
and
) = ¢
) = i, (36)

since the degree of G (/G Dy is IG, !/IG“)I which is equal to the length of the orbit.
Equation (35) combined wnh eq. (é) gives

d,=1 (37)

The USCI (eq. (10)) is converted as follows in the light of egs. (36) and (37):

Z(G(/G;) i Gj-;sdﬂ) = kf;ll (sgg))ﬁff)

m ) (ia)
=(Hs‘;] = 2%, (38)

=1 (g)

where the product over k can be converted into that over 7. The superscript ic concems
the orbit A, . The subscript g represents the term related to G(/G; ) (=h). The subgroup
G, comsponds to g through G,=H = (I, h, K, ..., h"'}. Note that eq. (38) is true only
i G] H,ie. lfG isa cychc group.

Ifg'eG is conjugate to g € G or, equivalently, if the corresponding G(/G)
(=h") is conjugate to G(/G) (=h), the cycle structure of A is equal to that of 4’ Hence
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{14 Lo

zg( ) = zg(, ), (39)
The conjugate elements 4 and 4" generate cyclic groups H and H' that are conjugate to
each other.

Ifg*=¢g"(t=1,2,...,0rm) for g and g’ € G and G(/G)) (= h)andG(/G)
(=h") have the same cycle structures the cyclic group H generated i from h is obv1ously
equal to that generated from A’.

Suppose that a cyclic group G has cyclic subgroups G, Nk=1,2,. - 1.
Since IG{/l is a divisor of IG |, lemma 2(4) indicates that (a) ifg€G, corresponds to
the generator h = G(/G) which generates G (=H), it is not an clement of any G(’)
Hence,

v-1 .
ge G- UG,
and () if A’ = G(/G,-)g' has the same cycle structure as A,
v-1 . v—1 .
’ 6)) ’
g€ G —kkzlek’ or g' € Gj'—kgz)lG,f”),

where Gj, is a conjugate group of G].. Hence, if o denotes the number of groups
conjugate to Gj. in G, the number of elements that have the same cycle structure as A is
represented by

v-1 -
o6, - U6 | = 161916, /1N Gy,
where ¢(n) is the Euler function and NG(G/.) denotes a normalizer of Gj. Note that
oo
;- T 69| = a6,

where lemma 2(4) shows this term to be equal to the number of integers from
1 to n which are co-prime to n. The term o has proven to be o=IG: NG(G].)I
= IGI/IN,(G)! [16).

If cyclic groups are generated from all g € G, they can be easily proved to
construct a complete set of cyclic subgroups of G. This means that the summation over
g € G on the left-hand side of eq. (32) corresponds to that over all cyclic subgroups of
G. Hence, on the right-hand side of eq. (32), the summation over j (or GJ.) is effective
if and only if Gi is a cyclic group. These results can be summarized as:
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THEOREM 6
s
— «G;D) .
m;; = ———— for any cyclic G;,
El 7 INg(G))| /
s pr—
Y mji=0 for others. (40)

-
i
—

This equation is equivalent to that derived independently by Kerber {17]. The following
equations are easily proved.

s
z;n-j,-=0, I #5,

=1, i=s. (41)

S. Conclusions

A novel enumeration that explicitly considers the transitivity of a given group
acting on a domain is accomplished by subduction of coset representations. This method
is based on novel concepts such as unit subduced cycle indices and subduced cycle
indices, all of which also stem from the coset representations. The relationship between
the present method and that of Pélya is discussed.

Appendix A

Coset representations and tables of marks. Let G.be a subgroup of a finite group
G. The subgroup G, provides a coset decomposition of G, i.e.

G=G‘.gl+G‘.g2+...+Gigm,

where g = I (identity) and g€ G(forj=1,2,...,m). The set of permutations of degree
m:
G,-gl, GigZ yeeey G,'gm

forVee G
Gig18 Gig8 ,-..» Gigng &

G(/Gx)g = [

constructs a permutation representation of G. This is called a coset representation (CR)
of G by G,, which is denoted as G(/G,) in the present paper. The CR is transitive and
its degree is IGI/IG.1. It should be noted that two conjugate subgroups provide equiva-
lent coset representations.

Suppose that a series of subgroups G (i=1,2,...,5) of G are selected in such
a way that conjugate subgroups are counted once. They are arranged in ascending order
of their orders, where G, is an identity group and G, = G. The corresponding CRs, i.e.
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G(/G,)'s, construct a complete set of transitive representations of G. The group G(/G)
is a regular representation of degree |G|. Obviously, G(/G) is an identity group.

The mark of a subgroup H in G is the number of fixed points of a G set on the
action of H. The symbol m indicates the mark of subgroup GI in G(/G ), which is the
number of fixed points in t{xe domain of G(/G,) by the action of G .. Each element m;
is constant, since GJ and G(/G,) are given. A list of m; for Vj and V: is called a table
of marks [14].

Appendix B
Proof of lemma 1. Since fy and fe are equivalent, there is a Pg € F, that satisfies
f(O) =f(P (&) for Vi€ A.

Hence,

Wiry=T1 T1 T wieGy(n=T1 I TI wialfu(®, ()],

i=] a=0 e An i=1 a=06e Ajq

On the other hand,

W(fe) = II H IT wia(fe(8).
=1 a= € Aia

06

Since the right-hand sides of these equations are equal except for the sequences of

£(P(8)) and £(5),
W(f,) = WL,

Appendix C
Special cases. If we do not consider the OMVs, we can obtain a simpler

generating function. In this case, we can abbreviate the superscript (i) that denotes the
correspondence to each orbit. Thereby, definition 3 is converted as follows:

o Y ) ( )j o; ﬁ(u)
Z6(6542) =TI T T1 (s4)" = T T1 T1(s42)"
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Hence, we arrive at:

DEFINITION 6
(1) The SCI for this case is defined as

e HE - )]
Zs (Gjlsd;k)=kH] (Say R (C.1)

(2) By using the SCI (eq. (C.1)), the CI for this case is defined as

Ry )
Z'Gisg)= 2 [[21 m,-,-jzz; (G,-;sd,-k)). €2
= =
Thereby, theorem 4 is transformed into corollary 4-1 in order to treat the present
special case.
COROLLARY 4-1

A generating function without considering the OMYV restriction is represented by

§A9W9 =Z2'(G;s4,), (C.3)
where
1X
dek = 211 X:ljk. (C-4)

Note that the power:

3 o B (C.5)

i=1

appearing in eq. (C.1) is available from a summation of the powers contained in the unit
subduced cycle indices under multiplication by a.

Suppose that X =1 for all r in eq. (C.4). Then, we obtain sS4, = |X|. Asaresult,
eq. (C.4) can be converted into corollary 4-2. which gives the total number of con-
figurations.

COROLLARY 4-2

S s e 5o i
o £ (5] f e
5 .

i=1 k=1

—,;l-jl_) x| S By, (C.6)
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where

_ i B (C.7
k=1

The left-hand side of eq. (C.6),1i.e. X 9A o 18 the total number of configurations. The term
B,y in eq. (C.7) is the number of sub-orbits that are derived by eq. (8).

Appendix D

Proof of theorem 5. Let w(ﬂ(e)) be the total number of configurations with
weight W, that are invariant under a permutation 7@ (e 11%). For a configuration to
be mvanant the positions correspondmg to each cycle of length 7 have to take the same
ligands, i.e. TX, or 7X,,..., or 7X . Hence, the generating function for this part is
obtained as follows:

_ 1XI
$$9= 3 wialX,)" (D.1)

r=1

Since this is true for all cycles, we find the generating function for A, on which G(/G, )g
operates, i.c.

(ia)
(n . ] . (D.2)
T=1 &)

Multiplication of this term over « and i provides a generating function:

m (ia)
EW(nég’)W H H (Hs ) . (D.3)

i=1 a=0 1 )

Note that the term 5, of egs. (D.2) and (D.3) is concretely expressed by eq. (D.1).
The number of fixed points w(ng(g)) of F® on the action of ng ) provides the
number of orbits of F® through the Cauchy—Frobenius (so-called Burnside) Lemma:

Ag = (1/|G]) 2 y(r?), (D.4)

gE

where A 9 is the number of orbits of F®. The Cauchy—Frobenius Lemma (eq. (D.4))
gives the generating function for A

%ZAQWG—E(MGI) h) w(n“”j

=(1/1G]) X, (Zwm(") ) (D.5)

geG
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The introduction of eq. (D.2) into eq. (D.3) yields

m (ia)
ZAGWG—(UIG!) 2 H H (Hs‘;} ) (D.6)

geGi=1a=0 1 &)

A comparison between egs. (29) and (D.6) yields theorem 5, which is a generalization
of Pélya's theorem.

Appendix E

Proof of lemma 2. Consider h = G(/G) € G(/G,) for a given g € G. We then
construct a series of elements:

H={(h K, . .. +K"" K(=D)}.

Obviously, H is a cyclic group that is a subgroup of G(/G,) generated from the
generator A. Let us first consider the case where h consists of a single cycle, i.e.

h ( ) (alsaZ y s an-l:an)
=4aray,...,a0;) = .
v D, ..., G, 4
As a result,
hzz(al: 175] 1oy o2, Gu_1, an)
@, a4 ..., G, a, @)
3 a, & y On-2, Qu-y1, Qau
h’ = ,
a4, as s eaey a, a, as
hn (alsaZ yeees a2, Qy—1, an) I
ay,a ..., G_2, Gu_1, G, )

This process implies that each of these permutations can be represented by a product of
several cycles, all of which have length n or less. Therefore, the cyclic group
H={Lh...,i""'YonA={1,2,...,n) provides a single orbit of A, which has a
length n.

A cyclic group of finite order generally has only one subgroup of which the order
is equal to any divisor of the order of the cyclic group. The set of such subgroups is the
complete set of the subgroup of the cyclic group. Now, we consider 27 (1 < ¢ < n) to
be a generator of such a cyclic group. As a result, when ¢ (1 < ¢ < n) is a divisor of n,
the generator h? yields
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H = (h%, K4, ..., B™(=])},

which is a subgroup of H, where w = n/q. Note that |H'| = w. In this case, if we divide
the permutation A7 into w parts of equal length g, we obtain the following relation:

4 ((11 yeers Qg1 yeees G2g41 seevy  eery Qw—1)g+1> )

Ag+1 saensy azq+1 sevey @344 yeery  esny a4,
= (01 gy ... a,,_q+1)(a2 a,,_q+2) (aq Cl,,)

This indicates that 47 is the product of ¢ cycles of length w. Hence, H” on A,  provides
g orbits, each of which has a length w.

Let us next consider the case in which ¢’ (1 £ g’ < n) is no divisor of » but that
we can suppose that n and ¢’ have common divisors. Let g be the greatest common
divisor of n and q’, where ¢’ = aq. Since q is a divisor of n, we can assume that
h™ = 1. Hence, we can obtain (19 )* = (A%0)* = L and (A% )" *® = (W9 YTt = (h7),
where a and b are integers. These equations indicate that he generates H’, which is
equal to the cyclic group generated by hi.

The third case is that ¢’ as g’ < n) is not a multiple of any ¢ (i.e. ¢” and n are
co-prime). The permutation h? has the same cycle structure as h, since such a division
as above is impossible. Therefore, hY generates H, which is the same as the cyclic group
generated by 4. In terms of the definition, e H'. Obviously, the generator £ is not an
element of any H'.

Let us next extend these results to a more general case. Suppose that 4 has a cycle
structure (i, iy ...\ ). This cycle structure means that & contains i_ cycles of length
T, i.e.

m ir
=]l [M@a,...,a).
T=1a=1

Let n be the least common multiple of 7's in which the 7's are selected from 1, 2, ..., m
if i # 0. If we consider KA R, ..., h"(=]), the above discussion on a single cycle
apphes to each of the cycles of the present case. Therefore, the cyclic group
H = {I,h, K, ..., k" "'} on A provides a partitioning of A into orbits, the lengths of
which are T (t=1,2,...,m)if i, #0. The above discussions have proved lemma 2.
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